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Abstrat
We present a new point of view on the problem of the Shwarzshild
blak hole in the nonommutative spaes, proposed reently by F. Nasseri.
We apply our treatment also to the ase of the 2+1 dimensional Bañados-
Teitelboim-Zanelli blak hole.
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1 Introdution
Nonommutative geometry, [1℄, and its physial appliations have been
studied extensively from various points of view during last ouple of years.
The idea to study the physial appliations of the nonommutative geom-
etry has very good motivation in the following: the dynamial variable in
the general theory of relativity is the spaetime itself, and we know that
the proedure of quatization transfers the lassial ommutative dynamial
variables into the nonommuting operators in the quantum theory. There-
fore, on an expet that the physis on the Plank sale is to be desribed
within the nonommutative spaetime. Moreover, this geometry arises nat-
urally in the string theory, where the nonommutativity is related to a kind
of bakground eld (magneti-like eld), [2℄,[3℄.
It is very natural to suppose the blak holes are the objets where the strong
gravitational eld meets with eets of quantum mehanis and therefore
the idea of a blak hole in a nonommutative spae is surely interesting.
In the setion 2 of the paper we present a toy model of the Shwarzshild
blak hole in the nonommutative spae and the setion 3 disuss a kind of
2+1 dimensional blak hole.
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2 Inorporation of a spae-spae nonom-
mutativity into the Shwarzshild metri
The Shwarzshild metri is given by the line element
ds2 =
(
1−
2GM
r
)
dt2 −
(
1−
2GM
r
)
−1
dr2 − r2dΩ22. (1)
In this metri, the sphere with the radius r = 2GM orresponds to the
event horizon and is given by the mass M of the blak hole only. The
idea of the paper [4℄ and some other reent papers like [5℄, is to hange
the used oordinates into the nonommuting ones in a manner many times
used in the formulation of quantum mehanis on nonommutative spaes
[6℄,[7℄,[8℄,[9℄ and [10℄. However, in our problem this treatment an hardly
be used: how do we understand the objets like drˆ with rˆ being an oper-
ator? And how to understand the quantities like angular momentum and
linear momentum of undened objet(s) (bodies) entering the results of the
paper [4℄?
We propose the following modiation of the treatment proposed by F.
Nasseri. We express the formula for the gravitational radius of the blak
hole as the onstraint:
r2 = 4G2M2 ≡ r2g . (2)
This onstraint an be "quantized" introduing the nonommuting vari-
ables xˆi, i = 1, 2 (in fat, we are going to be interested in a planar setion
of the spae only, nothing more an be done within this onept of nonom-
mutativity, more appropriate example will be disussed in the next setion):
[xˆ1, xˆ2] = θ, or [xˆi, xˆj] = θǫij, (3)
where the parameter θ of dimension length2 desribes the spae-spae non-
ommutativity and the square root of |θ| plays the role of a fundamental
length lP . Making the hange
r2 7→ rˆ2 ≡ xˆ1xˆ1 + xˆ2xˆ2 (4)
we obtain the operator version of the eq. (2)
xˆ1xˆ1 + xˆ2xˆ2 = r
2
g . (5)
The ommutation relations (3) an be realized in terms of dierential ope-
rators as follows:
xˆi = xi −
i
2
θǫij∂j , i, j = 1, 2 , (6)
ating on auxiliary funtion ψ(x). The onstraint equations (5) an be
then represented as the following eigenvalue problem (supposing ψ belongs
2
to L2(R2)): (
xi −
1
2~
θǫijpj
)(
xi −
1
2~
θǫikpk
)
ψ = r2gψ. (7)
Performing some algebra we derive the partial dierential equation for ψ{
−
~
2
2m
(∂21 + ∂
2
2) +
~
2
2m
4
θ2
(x21 + x
2
2) +
~
2
2m
4i
θ
(x1∂2 − x2∂1)
}
ψ
=
1
2m
4~2r2g
θ2
ψ, (8)
where we introdued a formal, say positive, parameter m to be able to
ompare easily our equation with the Shrödinger equation for the motion
of a partile with massm and eletri harge e in the homogeneous magneti
eld
~B = (0, 0, B) that reads{
−
~
2
2m
(∂21 + ∂
2
2) +
1
2m
e2B2
4
(x21 + x
2
2) +
ieB~
2m
(x1∂2 − x2∂1)
}
ψ
= Eψ. (9)
Comparing relevant terms of the eqs. (8) and (9) we identify
eB =
4~
θ
,
and having in mind the energies of the Landau levels: En =
~eB
m
(n+ 1/2),
we nally nd the possible values of the blak hole radius rg:
rg =
√
2θ
(
n+
1
2
)
, (10)
orresponding to the eigenfuntion Φn. This is the quantization rule for the
gravitational radius in our simple model of the Shwarzshild blak hole in
the nonommutative spae.
In this partiular situation, we have obtained the main result expeted
from the nonommutative geometry in physis - the quantization of a lassi-
al spae-time harateristi. Moreover, we see that our result is ompatible
with the well-settled suggestion that the area of the event horizon of the
Shwarzshild blak hole A is to be quantized as follows, [11℄
A ≡ An = 4πr
2
g = 8πθ
(
n+
1
2
)
= A(n+O(1))l2P , (11)
where A is a dimensionless onstant, lP represents the Plank length and
n runs over all the natural numbers. Obviously, our treatment the prob-
lem is not unique, and one an imagine other ways how to onsider the
Shwarzshild blak hole in a nonommutative spae. For example, in the
3
paper [12℄ the same problem is attaked by onsidering the event horizon
of the blak hole by the well known fuzzy sphere, [13℄, leading to the same
kind of result for the quantization of the blak hole radius/mass is ob-
tained. We are not attempting to propose the presented approah as some
roots for a denitive theory but we would like to point out that the proe-
dures presented in, say, [4℄ and [5℄, may be improved. One of the possible
improvements is our toy model, an alternative is presented in [12℄.
3 The ase of Bañados-Teitelboim-Zanelli
blak hole
In [14℄ Bañados,Teitelboim and Zanelli (BTZ) have found the blak-hole so-
lution in 2+1 dimensional spae-time with negative osmologial onstant.
The line element reads
ds2 =
(
−M +
r2
l2
+
J2
4r2
)
dt2 −
(
−M +
r2
l2
+
J2
4r2
)
−1
dr2 −
r2
(
dθ −
J2
2r2
dt
)2
, (12)
where M is the mass of the blak hole, Λ = −l−2 is the negative osmo-
logial onstant and J is the angular momentum of the blak hole. The
onstraint
−M +
r2
l2
+
J2
4r2
= 0, r2 = x21 + x
2
2
determines the event horizon of the blak hole.
We an introdue nonommutativity into the (x1x2) plane in the same
manner as in the previous setion. In this way the ondition for the horizon
transforms into the form(
Mrˆ2 −
1
l2
rˆ4
)
ψ =
J2
4
ψ. (13)
Using the results of previous setion we have:
r2 = 2θ
(
n+
1
2
)
, and 2θ
(
n+
1
2
)
M −
1
l2
4θ2
(
n+
1
2
)2
=
J2
4
(14)
with the same eigenfuntions Φn as above. Equation (14) quantizes the
values of the angular momentum for given M and l and tells us that for
given values of the parameters M and l of onsidered blak hole, we have
only nite number of admissible values of the angular momentum J . In the
partiular ase J = 0 the mass of the blak hole is quantized aording to
the formula
M ≡Mn =
2θ
l2
(
n+
1
2
)
. (15)
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We an ompute the maximal value of the angular momentum for given
values of M and l. Using simple algebra, we rewrite eq. (14) into the form
J2
4
= −
4θ2
l2
[(
n+
1
2
−
Ml2
4θ
)2
−
M2l4
16θ2
]
from whih we obtain the upper bound on blak hole angular momentum:
|J | ≤ Jmax = Ml. (16)
The bound (16) is idential to the lassial one when the two horizons of
lassial BTZ blak hole merge.
4 Disussion
We have proposed a simple toy model of a blak hole in a nonommutative
spae instead of the model proposed by Nasseri in [4℄ and [5℄ that mixes
the eld-theory and partile mehanis. Within our model we were able to
obtain quantization formula of the radius (mass) of the Shwarzshild blak
hole (10) and the so-alled Bañados-Teitelboim-Zanelli blak hole (15). We
have shown that the upper limit for the value of the modulus of the angular
momentum of the BTZ blak hole within our model is the same as for the
lassial BTZ blak hole, [14℄. Our result (10) oinides with the result
of the paper [12℄ where the author modeled the quantum blak hole by
modeling its event horizon as the nonommutative two dimensional sphere.
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